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Abstract 

The neutrino oscillation data are in very good agreement with the tribimaximal mixing 
pattern: sin^ 023 = 1/2, sin^ 6*12 = 1/3, and sin^ ^13 = 0. Attempts to generate this pattern 
based on finite family symmetry groups typically assume that the family symmetry is 
broken to different subgroups in the charged lepton and the neutrino mass matrices. This 
leads to a technical problem, where the cross-couplings between the Higgs fields responsible 
for the two symmetry breaking chains force their vacuum expectation values to align, 
upsetting the desired breaking pattern. Here, we present a class of models based on the 
semidirect product group (5*3 )^ xi A^, where the lepton families belong to representations 
which are not faithful. In effect, the Higgs sector knows about the full symmetry while 
the lepton sector knows only about the ^4 factor group. This can solve the alignment 
problem without altering the desired properties of the family symmetry. Inclusion of 
quarks into the framework is straightforward, and leads to small and arbitrary CKM 
mixing angles. Supersymmetry is not essential for our proposal, but the model presented 
is easily super symmetrized, in which case the same family symmetry solves the SUSY 
flavor problem. 
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1 Introduction 



The neutrino mixing angles are now known to some accuracy [11 [2] . A global analysis of data 
shows (in the standard parametrization of the lepton mixing matrix) [1]: 

sin^ ^23 = 0.501°:°^ , sin^ = 0.3041°:°?^ ^ sin^ < 0.056 , (1) 

where the error bars correspond to la variations and the upper limit is at the 3a level. These 
values are in good agreement with the tribimaximal mixing pattern given by the leptonic mixing 
matrix [3, 4] 
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where P is a diagonal phase matrix. This matrix corresponds to geometric values of the mixing 
parameters 

sin^ ^23 = 1/2, sin^ 612 = 1/3, sin^ = (3) 

which are all in good agreement presently with the experimental values quoted in ([1]). 

It has been known for some time that the tribimaximal mixing pattern of ([2]) can be obtained 
using finite family symmetry groups such as A4 [3 El El El El CHI [HI [121 [131 [S] , and others (TSj . 
In the class of models based on A4, the standard model (SM) lepton doublets are assigned to 
triplet representation of A4, and the symmetry is broken to a Z2 subgroup in the neutrino 
sector by a triplet Higgs x, with the vacuum expectation value (VEV) structure (x) oc (0, 1, 0) 
or some permutation thereof, and to a subgroup in the charged lepton sector by a triplet 
Higgs 0, with the VEV structure (0) oc (1, 1, 1). However, there is a technical problem with this, 
in that couplings between the Higgs fields x and will force their VEVs to align, upsetting the 
desired breaking pattern. Several approaches have been adopted in the literature to overcome 
this vacuum alignment problem. One can introduce more complicated symmetries, and assume 
that some symmetries are softly broken. Alternatively, one can assume that the symmetry 
is only approximate, and that non-renormalizable operators are present in the Lagrangian. 
Supersymmetry helps, since the alignment problem exists in this context only at the cubic 
level in the superpotential. Care must be taken to ensure that there are no fiat directions - a 
frequent occurrence in SUSY models. The existence of extra dimensions is sometimes assumed, 
where the two Higgs fields can be separated, thus circumventing the alignment problem. While 
all of these approaches are interesting, in our opinion, a compelling scenario has not emerged, 
arising from renormalizable models with exact symmetries realized in the Higgs phase. 

In this paper we propose a new approach to address the vacuum alignment problem using 
semidirect product groups of a type usually not considered, which provides a technically com- 
plete picture for tribimaximal lepton mixing. Supersymmetry is not essential, although the 
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idea presented is compatible with SUSY. The symmetries of the model are assumed to be spon- 
taneously (and not softly) broken. Non-renormalizable operators are not necessary, although 
their existence does not upset the desired VEV structure. 

We consider models where the SM lepton families belong to representations of a finite 
symmetry which are not faithful (that is, not every member of the group is represented by a 
distinct transformation). In effect, the Higgs sector knows about the full symmetry while the 
lepton sector does not. Our framework is a renormalizable extension of the standard model 
with an additional finite family symmetry G x Z2, with G = xi A4. The rationale for the 
choice of this group is elaborated in Sec. II. Here we note briefly that S3 is the smallest non- 
Abelian group, and that four such factors would allow one to evenly permute them, which is 
the symmetry operation of A4. This enables us to form a non-trivial semidirect product group, 
which has all the desired properties for solving the vacuum alignment problem. This group 
contains as an invariant subgroup, so that it will have representations corresponding to the 
factor group G/S^ ~ A4. The standard model leptons can then be assigned to representations 
of A4, as has been done in the models of Ref. [5l[6l[71[8l|9l[T0l[IIl[l2l[T3l[Tl]. Neutrino masses 
are generated by a Higgs field 0, belonging to a Z2 even 16-dimensional representation of G, 
while charged-lepton masses are generated by a Higgs field belonging to a Z2 odd triplet 
of A4. The Z2 symmetry prevents cubic and non-trivial quartic interactions between and 
X- In this way, the alignment problem is solved without altering the desired properties of the 
family symmetry. Inclusion of the quark sector into the framework is straightforward, and leads 
to arbitrary and small CKM mixing angles. The model can readily be supersymmetrized, as 
discussed in Sec. VI. In this case the same family symmetry can solve the SUSY flavor problem. 

In Sec. II we present our model based on [S^ x A^) x Z2 family symmetry. In Sec. HI 
the Higgs potential of the model is analyzed, where it is established that the model has no 
vacuum alignment problem. Here we also assert, by computing the scalar boson masses, that 
the symmetry breaking is complete, without leading to any pseudo-Goldston bosons. Sec. 
IV discusses the lepton mass matrices, and the resulting tribimaximal lepton mixing matrix. 
In Sec. V we discuss briefly the inclusion of quarks in the framework. Sec. VI discusses 
supersymmetrization of the model. In Sec. VII we conclude. In four Appendices we provide 
various technical details: the generators of the group in matrix form, invariants of the group 
we need, and the calculations of the light charged lepton and neutrino mass matrices. 

2 Model of {S^ yi A4) x Z2 family symmetry 

The gauge symmetry of our model is SU{3)c x SU{2)l x f/(l)y, and we work in its minimal 
non-supersymmetric version. We extend the gauge symmetry by the finite family symmetry 
G X Z2, where G has the semi-direct produce! structure {S3 x S3 x S3 x S3) x A4. The finite 

^The semi-direct product, N H, contains N and H as subgroups and obeys hnh^^ £ N for all n G N and 
h Cz H [T5\ . Thus, N is an invariant subgroup. The number of elements in the group, denoted by \N H\, is 



2 



symmetry is broken at a scale which is assumed to be large compared to the EW scale. 
may be identified as the grand unification scale, or it may be an intermediate scale. 

2.1 Symmetry group 

The group ^4 can be described using two generators obeying the relations, 

= = E, XYX = Y^XY^, (4) 

where E is the identity. The irreducible representations of A4 are one real singlet, two complex 
singlets, and one real triplet. Table 1 gives X and Y in each of these representations. The S3 

generators, Ai and Bi obey 

= = E, B,AB7' = A;\ (5) 

The irreducible representations of 53 are two real singlets and one real doublet. The generators 
in each of these representations can also be found in Table 1. The remaining relations defining 
the full symmetry are 

XAiX-^ = A2, XA2X-^ = Ai, XAsX-^ = A4, XA^X''^ = A3, 

XBiX ^ = B2, XB2X ^ = Bi, XB3X ^ = i?4, XB4^X ^ = B3, (6) 



YA^Y-' = A^, YA2Y-' = A3, YA3Y-' = A^, YA^Y"' = A2, 

YB^Y-^ = B^, YB2Y-^ = B3, YB3Y-^ = B^, YB^Y'^ = B2. (7) 

It's easy to see that if Ai, A2, A3, A4, Bi, B2, B3, and B4 are all represented by the identity 
matrix, then (5), (6), and (7) are trivially satisfied, leaving only (4) to be checked. But finding 
representations obeying (4) corresponds to finding the representations of A4, which are given 
in Table 1. These representations are used for SM leptons. The character table of xi A4 is 
given in Table 2 for completeness. The first four representations listed in Table 2 correspond 
to the representations of A4. 



\N\\H\. The semi-direct product exists when H has a factor group which is a subgroup of the automorphism 
group of N. 
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Table 1: The left panel shows the matrices representing the generators in each irrep. of A4, in 
a certain basis. The right panel shows the same for 5*3 . Here u = e^*'^/^. 
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Table 2: The character table for (Sa x 6*3 x 6*3 x 6*3) x /I4. 
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2.2 Lepton assignment 
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Table 3: This table shows the assignments of the fermions and Higgs fields under SU{2)l x 
U{1)y X {SI X A4) X Z2. 

The leptonic and scalar particle content of the model in is given in Table 3. In more detail, 
the SM leptons transform under (5*3 x A^) x Z2 as 

em- (1,-1), eK2~(l',-l), eR3~(l",-l), (Li, L2, L3) ~ (3, +1). (8) 

Here the second entry indicates Z2 transformation of the field. The ^4 assignment is identical 
to the one in Ref . O |6l [71 [HI El UHl IHl IHl HSl [H] . The charged lepton masses are generated 
by effective interactions involving a real Higgs multiplet x belonging to a Z2 odd triplet of A4. 
This involves integrating out multiplets of heavy vector-like fermions, whose masses are at the 
high scale M^,, with the same gauge quantum numbers as right-handed charged leptons. These 
are E^ r ~ (3, +1) under (5*3 x A4) x Z2. The Yukawa interactions for the charged leptons are 
given by 

£e = Kf2(En,L)H + mEf2(ER,EL) + eieRj2iEL,x) 

+ e25'5(eij2. El, x) + esfl-elera. El, x) + cc, (9) 

where the functions /2, g^, and qq are given in Appendix B. Here H is the SM Higgs doublet. 

Neutrino Dirac masses are generated by effective interactions involving a real Higgs multiplet 
(f) belonging to a Z2 even 16- dimensional representation of Si x A4. This involves integrating 
out multiplets of heavy right-handed neutrinos, with masses at the high scale M^. These 
multiplets are ~ (3,+l), N' ~ (48, +1), and A^" ~ (8, +1) under (Sl x A4) x Z2. The 
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Yukawa interactions for the neutrinos are given by 

= A/2(L, N)H + m^MN, N) + m'^h{N' , N') + m'U^{N\ N") 

+ a^g2{N,<P,N') + a2g-i{N\<P,N')+l3g,{<P,N\N'), (10) 

where the functions /2, /s, /4, g2i gs, and g4 are given in Appendix B, and where H = iT2H*. 
Interactions involving x, such as NNx and N'N'x, are allowed by x A4, but are prevented 
by the Z2 symmetry. 

As will be shown in the subsequent sections, these leptonic interactions will lead to the 
desired tribimaximal pattern of mixing, without any vacuum alignment problem. Symmetry- 
invariant interactions between and x must consist of products of invariants constructed 
from with Z2 invariants constructed from x- The 16-dimensional representation to which 
belongs is (2, 2, 2, 2) with respect to S^. (Since (2, 2, 2, 2) is invariant under permutations, it 
does not mix with other representations when is embedded into x A4.) There is only 
one quadratic 5*1 invariant that can be constructed with 0, which is a 1 of ^4. So there is 
no 16 X 16 X 3 invariant. There is also only one cubic 5*1 invariant that can be constructed 
with 0, which is also a 1 of A4. So there is no 16 x 16 x 16 x 3 invariant. Thus, there are no 
cubic invariants involving both and and the only quartic invariant containing both is a 
product of quadratic invariants, which does not generate a VEV alignment problem. However, 
16 X 16 X 16 X 16 does contain not only 3 but also 1' and 1", so that non-trivial (p'^x'^ invariants 
do exist, but these are non-renormalizable interactions, and are presumably suppressed by the 
Planck scale. Inclusion of such suppressed operators will have no significant effects on the the 
desired vacuum structure. 

It is vitally important here that the 16 contains only one complete multiplet under the 
first factor, 5*1, of the semi-direct product. If an abelian group were used for the first factor, 
then a representation that does not mix like this would have to be one-dimensional. But it 
would be impossible to obtain the symmetry breaking pattern we desire with a one-dimensional 
representation. (A one-dimensional representation can only break a group to an invariant 
subgroup, but the Z2 and Z3 subgroups of A4, referred to in the introduction, that we desire 
are not invariant.) So, a non-abelian group is required, and S3 is the simplest non-abelian 
group. Four factors are used so that a non-trivial semi-direct product with A4 can be taken. 

3 Higgs potential and its minimum 

The potential involving the and x fields has the form 

V<t>x = «i/i(</'></') + a2/2(x,x) + ^S-i (0,0,0) + ci/ii(0) + £2/12(0) 

+ C3/l3(x) + C4/14(X) + C5/l(0,0)/2(X,X), (H) 

where the functions /i, /2, gi, hi, /i2, h^, and are given in Appendix B. 
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If the Higgs potential in ( ITT]) is to be bounded below, the following constraints on the 
parameters must be satisfied: 



ci > 0, ci + 2c2 > 0, C3 > 0, C3 + C4 > 0, 

C5 + v^>0, C5 + ^a/^(ci +2C2)(C3 + C4) > 0. (12) 



Upon minimizing the potential, 

(0) = {0,0,0,0,v^,v^,v^,v^,v^,v^,v^,v^,0,0,0,0) (13) 
is found to be an extremum for 

2ai + 3biv^ + 2(ci + C2)vl + Qc^vl = 0, 02 + 4(c3 + 04)1;^ + Scst^J = 0. (14) 
The Higgs boson masses are found to be 



?>hv^ + 4(ci + C2)vl + 8(c3 + C4)t;^ ± J[36t;^ + 4(ci + 02)^;^ - 8(03 + C4)t;2]2 + IsaeciT;^^^^ 



ISfe^, - 66?;^ - 4cii;i Qhv^ + 8ciw?, 6fey<^ + 8(ci - C2)fi 8(2c3 - c^W 



(15) 



Each mass in the first line occurs once, while those in the second line occur four, eight, two, 
one, and two times respectively. Assuming f|T2|) . we see that f|T3l) is a local minimum for 



< 0, 



< 



< 



4 



1< ^ < 2, 
C4 



< 



C2/C1 



4- 


3 











< 1, 




3^ 

— + 4 Ci + C2 



(C3 + C4) . 



(16) 



The VEV of x in f !T3|) breaks ^4 to the Z3 subgroup of ^4 generated by Y. Note also that 
S"! is left unbroken by x trivially, but Z2 is broken. On the other hand, the VEV of (j) breaks 
A4 to the Z2 subgroup of A4 generated by X. Additionally, leaves the generators Bi, B2, 
and unbroken. These form the subgroup D4 x 6*3, with D4 generated by Bi, B2, 

and X and with 5*3 generated by ^3^4 and B^B^. This VEV also trivially leaves the additional 
external Z2 unbroken. 

Note that the Higgs potential does not have any accidental global symmetries, which would 
have resulted in pseudo-Goldstone bosons. We conclude that consistent symmetry breaking 
can be realized without any vacuum alignment problem. 
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4 Lepton masses 



The light lepton masses can now be readily inferred from the Lagrangian of (Q and ffTOj) . along 
with the VEV structure of x and given in (fT3|) . The Higgs field x mixes E^ ji with the SM 
charged leptons in (Q, generating the light charged lepton mass matrix. Upon integrating out 
El^h, the Z3 subgroup of A4 left unbroken by the VEV of x forces the light left-handed charged 
lepton mass matrix to have the form (see Appendix C for details) 



The masses are given by 



3| 


\hieiV^v\ 


2 


3| 








\mE\ 


2 



(18) 



The Higgs field mixes the heavy right-handed neutrinos with the light left-handed neutri- 
nos in fllOp . generating the light neutrino mass matrix. ~ 3 is required because the SM Higgs 
H only breaks EW symmetry, so that it can only cause left-handed neutrinos to mix with a 
triplet. Since 3xl6 = 48,</)~16 induces mixing between and A^' ~ 48. A^" ~ 8 is needed to 
remove unwanted accidental symmetries. Upon integrating out the heavy right-handed neutri- 
nos, the Z2 subgroup of A4 left unbroken by the VEV of (along with an additional accidental 
Z2 that is actually part of 5*4 [I7j) forces the light neutrino mass matrix to have the form (see 
Appendix D) 





(17) 




(19) 



This matrix is diagonalized by 




(20) 
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where diagonal is a phase matrix. The hght neutrino masses are found to be 



nil 



1712 



17l3 



2 -2alvl + niN {m'j^m% - 2ajvl + l3v^m%) 



-2alvl + niNim'^ + /3v^) 



(21) 



Note that the three neutrino masses given in (1211) are unrelated. This spectrum allows for 
normal neutrino mass hierarchy, inverted mass hierarchy, as well as quasi-degenerate neutrinos. 
The last possibility is realized when the bare mass parameters in ( 12T|) are taken to be slightly 
larger than the VEV v^. 

Eqs. f lT7|) and f l20|) give the desired form ([2]) for the mixing matrix Umns = UjU*. 



5 Inclusion of quarks 

We have not yet specified how quarks transform under the finite family symmetry. One pos- 
sibility is to have the quarks not transform under this symmetry at all, in which case the 
quark sector is exactly like the SM. Another, perhaps more interesting, possibility is to use an 
assignment analogous to that of the charged leptons, 

URi,dRi (1,-1), Mij2,C?i?2 ~ (1', -1), Mfl3,C?fl3 ~ (1", -1), (Ql, Q2, Qs)/. ~ (3, +1). 

Then, add additional heavy quark multiplets Ul,r and D^ r, transforming as (3, 1, +2/3, 3, +1) 
and (3, 1, -1/3, 3, +1) respectively under SU{3)c x SU{2)l x U{1)y x (5| x A^) x Z2. For the 
up-type quarks, we obtain the Yukawa Lagrangian 

= fi'f2{UR,QL)H + muf2{UR,UL) + eiURlf2{UL,X) 

+ (^295{ur2, Ul, x) + e'sfi'el^ra, Ul, x) + cc, 

with a similar result for down-type quarks. This gives non-degenerate quark masses but no 
mixing. 

Small and arbitrary quark mixing can be generated from by adding additional heavy 
quark multiplets: 

U'lL^j, ~ (3, 1, +2/3, 16, -1), U;,L,R ~ (3, 1, +2/3, 16', -1), 
U!,L,R ~ (3, 1, +2/3, 16", -1), UIj, ~ (3, 1, +2/3, 6,-1). 

The generators for these representations can be found in Appendix A. Heavy quarks can be 
added to the down-type sector instead, but to generate mixing it is only necessary to do this 
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for one sector. The up-type Yukawa Lagrangian receives the additional contribution 

l^u = <ufi(u[n,U[L)+^2ufii%R,U^L)+rn',um^^^^^ 

where the functions /s, g^, gg, and gg can be found in Appendix B. In this way, arbitrary quark 
mixing can be obtained. 

6 Supersymmetrization 

Supersymmetrization of the (Ss)^ xi sector of the model is straightforward. Since in a 
renormaliable SUSY model one uses only quadratic and cubic (and not quartic) invariants in 
the superpotential, care should be given to ensure that there are no flat directions. The Z2 factor 
in the model of Sec. II would prevent a invariant. This will leads to fiat directions in the cubic 
superpotential of the SUSY version of the model. If one wishes to avoid increasing the number 
of Higgs multiplets, the problem can be solved by replacing Z2 with some other symmetry. So, 
consider (5*1 xi A4) x H. It's not difficult to see that for H = Zn, the fiat direction problem 
is not solved. The next simplest possibility is to consider x ~ (3, 2) of {S^ xi A4) x H, with 
H a Dn or Qn- However, one finds that the fiat direction problem persists for representations 
such as these. So, we are led to consider (S'| x A4) x A4, with x ~ (3, 3). It is easily confirmed 
that the (3, 3) cubic superpotential has no fiat directions. The light charged lepton masses can 
be generated from this x by integrating out two sets of heavy vector-like superfields with the 
same gauge quantum numbers as right-handed charged leptons, transforming as (3, 1) and (3, 3) 
under {S^ x A4) x A4. Alternatively, one can solve the fiat direction problem by increasing the 
number on Higgs multiplets. 

The SUSY fiavor problem can be readily solved by the symmetry G = {S^ x A4) x A4. 
The SM lepton and quark doublets belong to triplet representations of the A^ factor group, 
which would mean that the soft SUSY breaking masses of all three families of sleptons (and 
similarly squarks) are the same. As for the right-handed sleptons and squarks, the group G 
does allow the three families to have non-degenerate soft masses. However, there is no mixing 
in the right-handed slepton mass matrix, which is sufficient to ensure the absence of excessive 
SUSY fiavor violation. Since there is mixing between the right-handed singlet leptons and 
heavy vector-like leptons of order ^/M^,, adequate suppression of SUSY FCNC would require 
that be somewhat smaller than M^. 

7 Summary and conclusions 

First, we presented a renormalizable non-supersymmetric model based on the finite symmetry 
{Si X A4) X Z2, with the SM leptons assigned to representations of A4. Neutrino masses are 
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generated by a Higgs field belonging to a Z2 even 16- dimensional representation of 5*1 x 
while charged-lepton masses are generated by a Higgs field x belonging to a odd triplet 
representation of A^. The additional symmetries, S\ and Z2, prevent quadratic and cubic 
interactions between and x ^-iid allow only a trivial quartic interaction that does not cause an 
alignment problem, addressing the alignment problem without altering the desired properties 
of the family symmetry. In this way, we are able to explain all aspects of neutrino mixing using 
only symmetries which are spontaneously broken by the Higgs mechanism. 



Appendix A 

In this appendix, we give the explicit matrices representing the generators in Eqs. Q-dZ]) for 
each representation used in our model. These matrices will be used for computing the group 
invariants, given in Appendix B. The generators for 16, in a certain basis, are 



A 



(16) 



2^ 



/i{16) J-/ 22 22 22 2 2\ 



/i{16) J-/ 2222 222 2\ 

^3 = aiag[u},u},u},u},u} ,uj ,uj ,uj ,uj,uj,uj,uj,uj ,uj ,uj ,uj ), 



/i(16) J-/ 2222222 2\ 

Al = atag[u},u},u},u},u},u},u},u},u} ,uj ,uj ,uj ,lj ,lj ,lj ,uj ), 



(16) 



/O 1 

1 



























V 










































1 
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1 
1 
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The generators for 16' and 16" are the same except 

y(16') _ ^y(16) y(16") _ ^2y(16)^ rj.^^ 

generators for 48 are 
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And the generators for 8 are 

Af-' = diag{u, uP', 1, 1, 1, 1, 1, 1), J^2^ = diag{l, 1, w, w^, 1, 1, 1, 1), 



Af^ = diag{l, 1, 1, 1 ^1,1), Af^ = diag{l, 1,1, 1,1,1 
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The generators for 6 are 

= ^2 = A3 = A = /, 



16 



where / is the identity matrix, 

5f ) = dzag{l, -1, 1, -1, 1, -1), = diag{l, -1, -1, 1, -1, 1), 

5f = diag{-l, 1, 1, -1, -1, 1), Bf = diag{-l, 1, -1, 1, 1, -1), 



/ 1 














o\ 




/o 











1 


\ 





1 































1 











1 










1 























1 
















1 





























1 










1 











Vo 











1 


^) 




vo 








1 





/ 



It can be checked directly that each set of matrices respects Eqs. (j4j)-(I7j). 

8 Appendix B 

In this appendix, we give the symmetry invariants which are used in our model. These can be 
computed directly from the matrices given in Appendix A. 

(i) 16 X 16 invariant {xi,x'j ~ 16): 

Xj) = XiXiQ + X2X]^ + X3X]^4 + X4X]^3 + X^X]^2 ~l~ 3^6^11 ~l" '^I'^lQ ~\~ ^^S^^g 
+ XgXg + XiqX-j + XiiXg + X12X5 + X13X4 + X14X3 + X15X2 + Xiex'i 

(ii) 3x3 invariant {U^t'^ ~ 3): 

(iii) 48 X 48 invariant {yi.y'j ~ 48): 

f^ivu y'j) = yiy'w + y2y'i5 + ysy'u + Wis + y^y'u + yey'u + yry'w + ysy'g 

+ z/gi/s + yioy'r + yuy'e + yi2y'^ + ?/i3Z/l + yi^y'i + yi^y'2 + yi&y'i + yny'i2 + yif^y'^i 

+ 2/19^30 + 2/20^/29 + 2/212/28 + 2/222/27 + 2/232/26 + 2/242/25 + 2/252/24 + 2/262/23 + 2/272/22 + '2/282/21 
+ 2/292/20 + 2/302/'l9 + 2/312/18 + 2/322/17 + 2/332/^8 + 2/342/47 + 2/352/^6 + 2/362/^5 + 2/372/^4 + 2/382/^3 
+ 2/392/^2 + 2/402/ll + 2/4l2/lo + 2/422/39 + 2/432/38 + 2/442/37 + 2/452/36 + 2/462/35 + 2/472/34 + 2/482/33 

(iv) 8x8 invariant [zi^z'^ ~ 8): 

fi{Zi, z'-) = Ziz'2 + ^22^1 + Z^z'^ + 2:423 + Z^z'^ + ^6^5 + ^7^'% + ^8^7 

17 



(v) 6x6 invariant {wi,Wj ~ 6): 

f^iWi, Wj) = Wiw[ + W2W2 + W^w'^ + + + WgWq 

(vi) 16 X 16 X 16 invariant {xi,x'j,x'l ~ 16): 

(J'[^(^X'i^ •^j'l *^^} — X^X-^X-^ ~\~ X^X^X^ ~\~ *^3'^3*^3 X ^X ^X ^ ~\~ X^Xc^Xe^ ~\~ XqXqXq ~\~ X^X^Xy ~\~ X^X^X^ 

-\- XgXgXg -\- X\qX^qX^q -\- XiiX^^X^^ -\- X-12-^'12'^12 ~^ *''13'^13'''13 ~l~ '^14'^14'^14 ~l~ •^IS'^ls 

(vii) 3 X 16 X 48 invariant {U ~ 3, xj ~ 16, yk ~ 48) 

5(2 (ti, Xj,yk) = tl(Xi6l/33 + 3^151/34 + X8y35 + a;7Z/36 + 3^141/37 + 3^131/38 + 3:62/39 + 3;5?/40 

+ a;i2y4i + Xny42 + 2:42/43 + 2:32/44 + a;io2/45 + 2:92/46 + 2:22/47 + 2;i2/48) 
+ ^2 (2:16^1 + 2:72/10 + 2;62/ii + 2:52/12 + 2:42/13 + 2:32/14 + 2:2^15 + 2:12/16 
+ 2:151/2 + 2:142/3 + 2:132/4 + 2:122/5 + 2:112/6 + 2:102/7 + 2:92/8 + 2:32/9) 

+ ^3(2:162/17 + 2;i52/i8 + 2:122/19 + 2:112/20 + 2:82/21 + 2:72/22 + 2:42/23 + 2:32/24 
+ 2:142/25 + 2:132/26 + 2:102/27 + 2:92/28 + 2:62/29 + 2:52/30 + 2:22/31 + 2:12/32) 



18 



(viii) 8 X 16 X 48 invariant {zi ~ 8, Xj ~ 16, i/k ~ 48): 

gs{zi, Xk, Vj) = zi{xi5yi + x^yu + Xsyi^ + xm^ + Xi^yn + Xuyig + X7I/21 + a^sto 

+ 2:5^39 + xuy^i + X32/43 + ^9^/45 + Xiy47 + xuy^ + Xgyj + 0:7^9) 

+ ^2(2:81/10 + 2:6^12 + X4yi4 + X22/I6 + Xieyis + Xi6y2 + 2:12^20 + 2^82/22 

+ X4y24 + xuy26 + a;ioy28 + a^eZ/so + 2^2^32 + 3:16^34 + xgy^e + a;i4?/38 

+ Xi4l/4 + X62/40 + a;i22/42 + a;4y44 + a;ioy46 + 3^2^/48 + 2;i22/6 + xioys) 

+ Zsixuyi + X5I/10 + X2yi3 + Xiyi4 - Xi4yi7 - Xi3?/i8 - Xioyi9 + Xi3y2 

- xgy2o - Xey2i - x^y22 - X2y23 - xiy2A - x^y^s - Xny34 - a^eZ/ss 

- 2:5^36 - Xio?/41 - XQy42 - ^2^/43 " Xiy^ + Xioy5 + Xgye + Xfiyg) 

+ Z4{xsyn + X7yi2 + X4?/i5 + x^yiQ - X16I/25 - a^isto - a;i2Z/27 - a;iiy28 

- a;8y29 + xieys - xjy^o - X42/31 - 2^32/32 - 3:16^37 - xi^y^s - xgysg + xi^y^ 

- xjy^o - X122/45 - xuy^a - x^y^j - X3?/48 + X122/7 + 3^11^8) 

+ 2^5 (-3^12^/1 - x-iyiQ - X2yu - xiyi2 + xi2yn + Xii?/i8 - Xiiy2 + X4y2i + 2:31/22 

+ xiQy25 + 0:9^26 + X2y29 - xioys + xi?/3o - 0:12^33 - xuysA - x^y^^ - x^y^e 

- 2:10^37 - xgyss - X2yz9 - xgyi - xiy^o - x^yg) + ze{-xsyi3 - xjyu - a^e^is 

- X^yiQ + XiQyig + Xi5y20 + Xsy23 + 3^7^/24 + a;i4y27 + Xi3y28 + XQysi + X5y32 

- xiey^i - xi5?/42 - 3:8^/43 - 2:7^44 - Xuy45 - Xny46 - X6y47 - x^yis - xiey^ 

- xi^ye - xuyr - Xi^ys) + Zj^-Xsyi - x^yn - x^yis - x^yig - Xjy2 - X3y2o 

- X6y25 - X5y2e - X2y27 - xms - xeys + X8y33 + 3^71/34 + xeysj + Xr,y38 - x^y^ 
+ 0:41/41 + 3)32/42 + 3^22/45 + 3;iy46 - x^y-, - x^ye - X2y7 - xiys) 

+ zsixi^ysQ - xuyu - Xi^yu - 3:121/13 - Xuyu - Xi^yi^ - XgyiQ - X162/21 

- 3;i5y22 - 3;i2?/23 " Xny24 - Xuy2g - xrsy-so - x^ysi - Xgy^2 

+ 3;i6y35 - xi^yiQ + x^y^g + xi3?/4o + 3;i2y43 + xiiy^A + 3;ioy47 + xgy^s - xieyg) 

(ix) 16 X 48 X 48 invariant {xi ~ 16; yj, y'^ ~ 48): 

fl'4(3:i, yj, y'k) = xiyiy[ + X2y2y'2 + 3:32/32/3 + x^y^y'^^ + x^y^y'^ + xei/el/e + 3:72/72/7 + 3:82/82/8 



•^lyiyi "T "t'2y2y2 "r ■^3y3y3 -r J'4y4y4 -r -t-sysys -r -t-eyeye "r -^Tyryr "r •^8y8y8 
3:92/92/9 + 3:102/102/10 + ^ii2/ii2/ii + 3:122/122/12 + 3:132/13^13 + ^liVuVu + 3:15^152/15 

3;i62/l62/'l6 + ^iVny'n + 3:22/l82/l8 + 2:32/252/25 + 3:42/262/26 + 3:52/l92/'l9 + 3:62/202/20 + ■ 
3:82/28^28 + 3:9^212/21 + 3:10^222/22 + 3:112/292/29 + 3:122/302/30 + 3:132/232/23 + 3:142/242/24 
3^152/312/31 + 3:162/322/32 + ^^12/33^33 + ^iVsiVM + ^32/372/37 + ^msVss + ^^VilVAl 

3:62/422/12 + 3:72/452/^5 + 3:82/462/^6 + ^^y-iby'z^ + 3:io2/362/36 + 3:112/392/39 + 3:122/402/40 

3:132/432/43 + 3:142/442/44 + 3:152/472/47 + 3:162/482/48 
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(x) 1' X 3 X 3 invariant {s' ~ 1'; ti,t'j ~ 3): 

g5{s',ti,t'j) = s'(tit[ + UJ%t'2 + Utst'^) 

(xi) 1" X 3 X 3 invariant (s" ~ 1"; ti,t'j ~ 3): 

5f6(s", U, tj) = s"{tit[ + ujt2t2 + u;%t'^) 

(xii) 6 X 16 X 16 invariant {wi ~ 6; Xj, x'^ ~ 16): 

gj{Wi, Xj, x'j^) = Wi{Xix\q + X2X\^ + X-^x'^^ + X4X'23 — X5X'^2 ^ ^G^'n ~ ^7^10 ~ ^8^9 

- Xgx'g - Xiqx'j - XiiXg - X12X5 + X13X4 + X14X3 + X15X2 + Xiex'i) 

+ U;2(xix'ig - X2X\^ - X3x'i4 + X4X13 + X^x']^2 ~ a^e^ii - X7x\q + XsXg 

+ XgXg - XiqX'j - Xux'q + X12X5 + X13X4 - X14X3 - 0:15X2 + XigX^) 

~l~ ^3(XlXig -|- X2Xig X3X14 X4X13 -|- X5X12 ~l~ XgXn XyX^g XgXg 

- XgXg - X10X7 + XiiXg + X12X5 - X13X4 - X14X3 + X15X2 + Xiex'i) 

•^2X15 + X3X-|^4 X4X-|^3 X^X-y^2 ~l~ -^Q^w XyX^^Q -|- XgXg 
+ XgXg - X10X7 + XiiXg - X12X5 - X13X4 + X14X3 - X15X2 + Xigx'i) 
+ U;5(xiXig + X2x'i5 - X3X14 - X4X13 - X5x'i2 - Xex'^i + X7x'io + XgXg 
+ XgXg - X10X7 - XiiXg - X12X5 - X13X4 - X14X3 + X15X2 + Xigx'J 
-|- 'U7g(xxXig X2X15 -|- X3X14 X4X13 -|- X5X12 XgX^i -|- XyX^g XgXg 

- XgXg + X10X7 - XiiXg + X12X5 - X13X4 + X14X3 - X15X2 + Xiex'i) 

(xiii) 6 X 16 X 16' invariant {wi ~ 6; x-,, x'^ ~ 16'): 

9&iWi, Xj, x'^) = U'i(Xix'^g + X2X']^5 + X3X'^4 + X4x'^3 — Xsx'^g ~ ~ ~ ^JgXg 

- XgXg - X10X7 - Xiix'g - X12X5 + X13X4 + X14X3 + X15X2 + Xigx'i) 

+ W2(^XiXig X2X1C; X3X14 + X4X13 + X5X12 XgX^i X7X1Q + XgXg 

+ XgXg - X10X7 - XiiXg + X12X5 + X13X4 - X14X3 - X15X2 + Xigx'J 

+ W^U;3(xiXig + X2X15 - X3X14 - X4X13 + X5X12 + Xgx'ii - Xyx'io - XgXg 

- XgXg - X10X7 + XiiXg + X12X5 - X13X4 - X14X3 + X15X2 + Xiex'i) 

+ W^W4(XiX^g - X2X15 + X3X^4 - X4X13 - X5x'i2 + 2^63^11 " X-jX^q + XgXg 

+ XgXg - X10X7 + XiiXg - X12X5 - X13X4 + X14X3 - X15X2 + Xigx'i) 

+ UJW5{xix\q + X2x'i5 - X3X14 - X4X13 - X5X12 - Xex'ii + X7X1Q + XgXg 

+ XgXg — X10X7 — XiiXg — X12X5 — X13X4 — X14X3 + X15X2 + Xiqx\) 

+ CJU;g(xix'ig - X2x'i5 + X3x'i4 - X4x'i3 + Xsx'^a - Xgx'ii + Xyx'io - XgXg 

- XgXg + X10X7 - XiiXg + X12X5 - X13X4 + X14X3 - X15X2 + Xiex'i) 
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(xiv) 6 X 16 X 16" invariant {wi ~ 6; Xj,x'i^ ~ 16"): 

[XiX^Q + X2X]^5 + X-^Xi^ + X^Xi^ X^Xi2 XqXh X'jXiq XgXg 



- XgXg - Xiqx'j - Xux'q - Xyix'^ + 0:13X4 + X^Xg + X15X2 + Xiex'J 

X^Xy-^ '^3'''14 ~l~ X4X23 ~l~ 3J5'''12 •^G'^H "^T-^IO ~^ •^S'^g 
+ XgXg - X10X7 - XiiXg + X12X5 + X13X4 - X14X3 - X15X2 + Xiex'i) 

+ ixiwz{x\X^^Q + X2x'i5 - X3X44 - X4x'i3 + x^x^y2 + ^^ea^n - a^ra^'io ~ ^s^^g 

- XgXg - X10X7 + XiiXg + X12X5 - X13X4 - X14X3 + X15X2 + Xiex'J 

+ a;w4(xiXig 

^2'^15 ~l~ *^3'^14 *^4*^13 *^5*^12 ~^ *^6'^11 ^7^10 ^~ ■^8*^9 
+ XgXg - X10X7 + XiiXg - X12X5 - X13X4 + X14X3 - X15X2 + Xiex'J 
+ W^U75(XiX^g + X2X^5 - ^3X^4 - X4X13 - X5X^2 ~ ^%^\\ + 2^73^10 + ^S^^g 
~r X(^X^ — X\qX^ — X^Xg — XyiXe^ — ^13*^4 — ■^14'2'3 ~r X15X2 ~r X^gX^J 

X2X15 -|- X3X14 X4X13 -|- X5X12 X^X-yY ~l~ 3^7X^0 XgXg 

- XgXg + X10X7 - XiiXg + X12X5 - X13X4 + X14X3 - X15X2 + Xigx'J 



For our purposes, it suffices to have the 16 x 16 x 16 x 16 and 3x3x3x3 invariants for 
the case where all four fields are the same. 

(xv) 16 X 16 X 16 X 16 invariants (x^ ~ 16): 

U i \ 22, 22, 22, 22, 22, 22, 22, 22 

I-) ( If - I /y ly _l_ nn /y> _l_ nn nn _l_ /y> nn _l_ nn /y> _l_ nn nn _l_ /y> nn _l_ /y> ly 

— *^1*^16 2 15 3 14 4 13 5 12 6 11 7 10 9' 

h2{x^ = X1X2X15X16 + X1X3X14X16 + X2X4X13X15 + X3X4X13X14 + X1X5X12X16 + X4X5X12X13 



+ X2XgXiiXi5 + X3XgXiiXi4 + X5XgXiiXi2 + X2X7X10X15 + X3X7X10X14 + X5X7X10X12 
+ XiXgXgXie + X4X8XgXi3 + XeXsXgXn + XrXsXgXio 



In this appendix, we show how the light charged lepton mass matrix is computed. In the basis 
with (e^i, eL2, eL3, Eli, ^L2, Els) on the left and {em, eR2, e^, Eri, Er2, Ers) on the right, the 
mass matrix has the form 



(xvi) 3x3x3x3 invariants {wi 



3): 



hi{wi) 



22 22 22 

W]^W2 + WiWs + W^2^35 
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with 



m 

























KV 



M 




and 




Here, m only contains entries at the EW scale, while M and M' contain entries at the higher 
scale M^,. To order M^/M^, the left-handed mass-squared matrix JVl\M.e is block-diagonalized 
by 



Ur 



I m)M{M^M + M'^M'y^ 



The upper left entry of ULM.\M.el^\^ is the light left-handed mass-squared matrix 

MjMe = m)m - m)M{M^M + M'^M'Y^M^m 



\KVmE\ 



( 1 



V 



1 
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u? 


UJ 



V 










f 3 









-1 



/ 1 



1 1 



1 uj' 



\ OJ UJ 



UJ 
2 



This yields the masses given in f|T8|) . 



10 Appendix D 

In this appendix, we show how the neutrino mass matrix is computed. From Appendix B, the 
term in Eq. (ITU]) that mixes N and A^' is 

^3(iV,(0),iV') = v^N,{N',, + N'^, + N!,, + N',, + N',^ + N',, + N',, + N',,) 
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The term that mixes A^' and A^" is 



g,{N\{<P),N') 



= v^N'l 

+ v^N'^ 

- v^N'i 

- v^N!; 
+ v^N'^ 

- v^N'^ 
+ v^N'^ 

- v^Nil 
+ v^N'l 

- v^N'i 
+ v<t>N'^ 



K + 

N[ + 
N[ + 

n: 
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N' 



19 



N' 



17 

Nk 



K + K + 

- Ki + Ki 

- + Nk 

- + 

- + 

- K9 + Ki 

- Nk + Ki 

- + Nk 

- Ka + K 



n[,) + v^n^{K + n;, + n[, + n[,) 



n: 



lOJ ^ 

K)- 
K)- 
+ K9 

+ Nk 
+ Nk 

+ K, 
+ K2 
+ Ks 



-v^n':{n:, + n;, + n[, + n[^ 
v^n;!{n[, + n[, + n[, + n[,j 

v^N'^{N[, + N[, + N[, + N[,) 



Nk 



Nk 



K7 



Since the symmetries Bi, B2, and A^A^ are unbroken, components of A^' and A^" that 

transform under these symmetries cannot mix with the hght neutrinos. This leaves 



Pi 



P2 



P3 



Qi 



n^ + n;, + n!, + n^ + ni, + N[q + N[, + A^( 
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Nk 



N'^, + A^^, + + iV^« + + A^^ 



'22 



"27 



28 



'29 



'30 



Nk 



Nk 



Nk + + K, + K, + + K 



MO 



'41 



42 



'45 



'46 



Q2 



V2 ■ 



We now have 



g,iN, (0),ArO 
g,iN", N') 



VSv^iNips + A^2Pl + A^3P2), 

2v^{qiPi + q2Pi + giP2 - g2P2 + giP3 - 92^3) + 



where the elhpses in the second equation refer to terms involving only decoupled components. 
The mass matrix for (i^i, 1^2, ^3, Ni, N2, N3,pi,p2,P3, qi, ^2) has the form 



m 

^ M 



with 



m 










hXv 
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rriN 












rriN 














m 
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012V4, 











N + 
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a2V^ 







a2V^ 

Ot2V4, 

a2V^ 



rrij 








a2V4, 

-Oi2V4, 
-Ot2V<t> 





m 



N 



J 



Here, m only contains entries at the EW scale, while M contains entries at the higher scale 
M^. To order M^/M^, A^^ is block-diagonalized by 



I 



m 



T 



-mM~ 
I 



The light neutrino mass matrix is given by the upper-left block of UyM.JJ^ 



Let 



S 



1 

7! 



Then, 
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with 



A 



rriN \/2aiV^ 
2a2f<)i m!' 



N 



B 




m 





V^a2V^ 



V^a2V<j> 



m 



N 
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So, we can write 



C 



-mS 

























c- 



(A-i)n - (C-i)n 
2(5-i)n 



This mass matrix is diagonalized by f l20l) . and the masses are given by 



mi 



2„,2 



2„,2 



/II 



2„,2 



/II 
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